
������� �� � 	
 	� 	�� �����
��� �����	�
� �
� �����	
� ��	���	�

����� ��� �������� 	�����	�� ����� ��

� � ������� 
1 ! " �# � $���%&

2∗! ' � # �&((�)%
3 ! *� # ����+�,-

4 ! . �/0 � 1�,2
5∗

1 3456 578 9:7;<=>?@A4;B85 9C8 D 2 =E;><E5AFG57?G7F 9<? 56H><I E; 9;G 9= ; D 3 ?= ;544;8EA5?C 9<C8JF 9B8 D
4 K57887 9L ;??7B;GMACN= F 9;G 9B 7 D 5 O7;?HP><5F 9Q>GRA5= ;J 9C8 9

STUV WXXYZ X[ \ ]^]_ _Y_ ` ]X^Wa b _c [^WXdV e ]fZ bgg _Wh]XW[fe i ` ]^eYW_ _Y i jkkl m jkijj nhX[UY^

op qrprstu v wxrstxwyr z{|r}rz {~pzwzx wp wxrstxwpq z~} r {~}��xtxw~p �pxwu t {rsxtwp �~~urtp {~p�wxw~p wz{tsswr� ~�x � �p�~sx�ptxru�v �~s x|r �tstuuru w} �ur} rpxtxw~p ~p �wzxsw��xr� } r}~s� z�zxr} z v x|r zx~��wpq{swxrsw~p xrzx wz ~�xrp t{|wryr� �� qu~�tu z�p{|s~p w�txw~p �|w{| �rptuw�rz � rs�~s} tp{rz v wp �tsxw{�uts wpx|r {~pxr�x ~� qsw� {~}��xwpq �op ~s�rs x~ } wxwqtxr x|wz �s~�ur} v �w�rsrpx t��s~t{|rz |tyr � rrp �s~�~zr� tp� zx��wr� wp x|r uwx�rstx�sr � � �szx t��s~t{| {~pzwzxz wp qtx|rswpq tuu qu~�tu z�p{|s~p w�txw~pz ~� ~pr wxrstxw~p wp ~s�rs x~� rs�~s} x|r} x~qrx|rs � x|wz xr{|pw��r wz �zr� wp ��� �~s �~p��qtxr �st�wrpx } rx|~� v ��x wx �~rz p~x tuu~�x~ sr��{r x|r p�}�rs ~� zx~��wpq {swxrsw~p xrzxz � � zr{~p� t��s~t{| v �|w{| |tz � rrp � w�ru� zx��wr� v{~pzwzxz wp �rz�p{|s~pw�wpq {~}}�pw{txw~pz tp� wxrstxw~pz v {~pzr��rpxu� srz�uxwpq wp tp tz�p{|s~p~�ztuq~swx|} �� v �� � �p�~sx�ptxru�v wp x| wz {~pxr�x v x|r wxrstxw~p z{|r} r wz p~ }~sr �srzrsyr� � x|�z v t {swxw{tu�s~�ur} wz x~ rpz�sr {~pyrsqrp{r � � x|ws� t��s~t{| v {tuur�
k ����� � wp x|r zr��ru v wz ~�xrp �zr� wp �st{�xw{r � wx {~pzwzxz wp � rs�~s} wpq x|r zx~��wpq xrzxz ryrs�

k
wxrstxw~pz ~p u� �w �r � zx~�� wpq xrzxz tsr rytu�txr�tx wxrstxw~pz

k, 2k, . . . , q.k, . . . � v xwuu x|r zx~��wpq xrzx wz {tsswr� ~�x � �rx
n∗

�rp~xrz x|r r�t{x p�}�rs~� wxrstxw~pz ~�xtwpr� �� x|r zxtp�ts� tuq~swx|} �|w{| �rs�~s} z x|r zx~��wpq {swxrsw~p xrzx t�xrs rt{|wxrstxw~p �  |rp v x|r
k ����� � } rx|~� �rs�~s} z

#I = n∗ + k
wxrstxw~pz tp�

#T = dn∗/ke
xrzxz � ¡~�ryrs vzwp{r

n∗

wz �p¢p~�p t �sw~sw v x|r �s~�ur} wz x~ {|~~zr
k

wp ~s�rs x~ ~�xtwp t q~~� xst�r�~� �rx�rrp
#Itp�

#T
�op x| wz �~s¢ v �r �s~�~zr t pr� {~pxs~u xr{|pw��r v ~swqwptu x~ x|r � rzx ~� ~�s ¢p~� ur�qr v �|w{|�ruwyrsz x|r srz�ux ~� wxrstxw~p

n∗

t�xrs t z} tuu p�}�rs
#T = log1+o(1) n∗

~� zx~��wpq {swxrsw~p xrzxz�|wur {~}��xwpq x|r srz�ux ~�
#I = n∗(1 + ε)

wxrstxw~pz ~pu��  |r t�ytpxtqr ~� ~�s xr{|pw��r uwrz wpx|r �t{x x|tx x|r zxs�{x�sr ~� x|r wpwxwtu tuq~swx|} wz p~x }~�w�r� v tp� {~pzr��rpxu� x|r {~pyrsqrp{r wzrp z�sr� �£�s } rx|~� wz �tzr� ~p tp t}~sxw�r� xr{|pw��r wpz�wsr� �s~} ¤u~�� ¥z tp� ¦srpx ¥z tuq~swx|} z x~ �rxr{x� rsw~�w{wx� wp t zr��rp{r �§� � ox {~pzwzxz wp {~}��xwpq x�~ p�}�rsz
n1

tp�
n2

z�{| x|tx
n1 ≤ n∗ ≤ n2

vtp� x|rp �rxrs} wpwpq x|r r�t{x ytu�r ~�
n∗

� �w¢r x|r
k ����� �v ~�s } rx|~� �rs�~s} z ~pu� t uw} wxr� p�}�rs~� zx~��wpq xrzxz v |~�ryrs xrzxz tsr p~x �rs�~s} r� tx srq�uts zxr�z tp�}~sr v ��x stx|rs tx zxr�z

ρf(0) v
ρf(1) v · · · v ρf(k) = n2

v �|rsr
1 < ρ < 2

tp�
f

ztxwz�rz
∀i, f(i) ≤ i

� ¨rxrs} wptxw~p ~�
f

wz �tzr� ~pt xst�r~� �rx�rrp
#I

tp�
#T

� op x|wz �t�rs v �r �s~yw�r tz�}�x~xw{ srz� uxz �~s �w�rsrpx {|~w{rz ~�
f © pt}ru�

f(i) = iα
v
0 < α ≤ 1

�
f(i) = i

log i

tp�
f(i) = i

log? i

� ªr �s~yr x|tx
n∗

{tp �r �rxrs} wpr�� wx| yrs� uwxxur } ~sr x|tp
#T = log n∗

xrzxz « �|w{| wz t u~�rs �~�p� �~s
#T

« �|wur �rs�~s} wpq tptz�}�x~xw{ ~�xw} tu p�}�rs ~� wxrstxw~pz
#I = n∗ + o(n∗)
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