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Model
Several sheduling models taking aount ommuniationThe most Popular : Homogeneous Communiation DelayModelAdvantages :Abstration of the topology of the Parallel mahineSimpliity of the modelNot spei�ed for a partiular mahine
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Formulation Homogeneous modelLet be G = (V ,E ) a graph
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Multi-ore assumptionAn investigation of the sheduling problem from a appliation onthe parallel mahine onstituted by a set of lusters of proessorsTo require taking aount hierarhial ommuniationCommuniations :intra-lusters (denoted by ǫij)extra-lusters (denoted by ij)PSfrag replaements 
ǫǫ lusters proessor
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Hierarhial model is a generalization of homogeneous model
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∀(i , j) ∈ E , ij = ǫij
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Another hierarhial modelMalleable tasksA malleable tasks is a omputational unit whih may beexeuted on any arbitrary number of proessors,its exeution time depending on the amount of resouresallotted to it1 Compute the allotment of all tasks2 Shedule the obtained multiproessor task graphPolynomial-time approximation algorithms are existedaording to the type of preedene graph (independent tasks,hains, trees, general preedene graphs) [Trystram,Mounie, Rapine,Dutot℄Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09
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Homogeneous model : Negative result (1)
∀i ∈ V , pi = 1,∀(i , j) ∈ E , ij = 1Unbounded number of proessors

∄ ρ-approximation with ρ < 76 , unless P = NP[Hoogeveen,Lenstra,Veltman 94℄
∀i ∈ V , pi = 1,∀(i , j) ∈ E , ij = 1bounded number of proessors

∄ ρ-approximation with ρ < 54 , unless P = NP[Hoogeveen,Lenstra,Veltman 94℄
Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Homogeneous model : Negative result (2)
∀i ∈ V , pi = 1,∀(i , j) ∈ E , ij =  ≥ 2bounded number of proessors

∄ ρ-approximation with ρ < 1 + 1+3 , unless P = NP[Bampis,Giannakos,König96℄
∀i ∈ V , pi = 1,∀(i , j) ∈ E , ij =  ≥ 2unbounded number of proessors

∄ ρ-approximation with ρ < 1 + 1+4 , unless
P = NP [Giroudeau,König,Palaysi,Moulaï08℄Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Hierarhial model : Negative result (1)
∀i ∈ V , pi = 1,∀(i , j) ∈ E , ij = 1 and ǫij = 0Unbounded number of lusters, 2 idential proessors perlusterP̄(P2)|pre ; (ij , ǫij ) = (1, 0); pi = 1|Cmax

∄ ρ-approximation with ρ < 54 , unless if P = NP[Bampis,Giroudeau,König 99℄
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Hierarhial model : Negative result (2)
∀i ∈ V , pi = 1,∀(i , j) ∈ E , ij = 2 and ǫij = 1Unbounded number of lusters, 2 idential proessors perluster

∄ ρ-approximation with ρ < 65 , unless if P = NP [Giroudeau 04℄
∀i ∈ V , pi = 1,∀(i , j) ∈ E , ij =  and ǫij =  ′ with  ≥  ′Unbounded number of lusters, m ≥ 2 idential proessors perluster
∄ ρ-approximation with ρ < 1 + 1+3 , unless if P = NP[Giroudeau,König 04℄Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Complexity results
Number of proessors Com. Delay (ij , ǫij ) ComplexityP̄ (1, 1) ρ ≥ 76P̄ ( , ) ρ ≥ +5+4P (1, 1) ρ ≥ 43P ( , ) ρ ≥ +4+3P̄(P2) (1, 0) ρ ≥ 43P̄(P2) ( ,  ′),  >  ′ ≥ 1 ρ ≥ +4+3P(P2) bipartite (1, 1) ρ ≥ 43

Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Polynomial-time redution
For an bounded number of mahines (proessors, lusters)

Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Polynomial-time redution
For an bounded number of mahines (proessors, lusters)Graph theory : subgraphs and supergraphs

Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Polynomial-time redution
For an bounded number of mahines (proessors, lusters)Graph theory : subgraphs and supergraphsClique and Balaned Bipartite Complete Graph

Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Polynomial-time redution
For an bounded number of mahines (proessors, lusters)Graph theory : subgraphs and supergraphsClique and Balaned Bipartite Complete GraphFor an unbounded number of mahines (proessors, lusters)

Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Polynomial-time redution
For an bounded number of mahines (proessors, lusters)Graph theory : subgraphs and supergraphsClique and Balaned Bipartite Complete GraphFor an unbounded number of mahines (proessors, lusters)Logi : Propositional logi

Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Polynomial-time redution
For an bounded number of mahines (proessors, lusters)Graph theory : subgraphs and supergraphsClique and Balaned Bipartite Complete GraphFor an unbounded number of mahines (proessors, lusters)Logi : Propositional logi3SAT and a variant of 3SAT in where the ourrene ofvariables is limited (the de�nition is more sophistiated as3SAT )

Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Polynomial-time redution
For an bounded number of mahines (proessors, lusters)Graph theory : subgraphs and supergraphsClique and Balaned Bipartite Complete GraphFor an unbounded number of mahines (proessors, lusters)Logi : Propositional logi3SAT and a variant of 3SAT in where the ourrene ofvariables is limited (the de�nition is more sophistiated as3SAT )A lower bound implies that there is non PT AS for all previoussheduling problems
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Homogeneous model : Positive result
∃43 -approximation algorithm for the problemP̄|pi = 1, ij = 1|Cmax [Munier,König 97℄
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Homogeneous model : Positive result
∃43 -approximation algorithm for the problemP̄|pi = 1, ij = 1|Cmax [Munier,König 97℄Integer Linear Programming FormulationPLI 8
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:

minCmax
∀(i , j) ∈ E , xij ∈ {0, 1}
∀i ∈ V , ti ≥ 0
∀(i , j) ∈ E , ti + 1 + xij ≤ tj
∀i ∈ V − U,

Xj∈Γ+(i) xij ≥ |Γ+(i)| − 1
∀i ∈ V − Z ,

Xj∈Γ−(i) xji ≥ |Γ−(i)| − 1
∀i ∈ V ti + 1 ≤ Cmax
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfI
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
{ if eij < 0.5 =⇒ xij = 0if eij ≥ 0.5 =⇒ xij = 1
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
{ if eij < 0.5 =⇒ xij = 0if eij ≥ 0.5 =⇒ xij = 1By indution, ti ≤ 43 t∗i with t∗i the starting time of i given bythe solution of PLinfI
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
{ if eij < 0.5 =⇒ xij = 0if eij ≥ 0.5 =⇒ xij = 1By indution, ti ≤ 43 t∗i with t∗i the starting time of i given bythe solution of PLinfISo, Cmax ≤ 43C optmaxRodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Tightness of the boundThe bound is tight :PSfrag replaements Rounding0, 50, 50, 50, 5 1111
. . .

. . .

a path with k verties
Copt = k + k−12 = 3k2 − 12Cmax = 2k − 1Dilatation of length by a fator :43
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Hierarhial model : Positive result
(2− 22m+1)-approximation algorithm for the problemP̄(Pm)|pre ; (ij , ǫij) = (1, 0); pi = 1|Cmax with m ≥ 1[Bampis,Giroudeau,König 99℄
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Hierarhial model : Positive result
(2− 22m+1)-approximation algorithm for the problemP̄(Pm)|pre ; (ij , ǫij) = (1, 0); pi = 1|Cmax with m ≥ 1[Bampis,Giroudeau,König 99℄























































































minCmax
∀(i , j) ∈ E , xij ∈ {0, 1}
∀i ∈ V , ti ≥ 0
∀(i , j) ∈ E , ti + 1 + xij ≤ tj
∀(i , j) ∈ E − U ,

∑j∈Γ+(i) xij ≥ |Γ+(i)| − 2
∀(i , j) ∈ E − Z ,

∑j∈Γ−(i) xji ≥ |Γ−(i)| − 2
∀i , j , k , l ,m ∈ V , xji + xjk + xlk + xlm ≥ 1
(j , i), (j , k), (l , k), (l ,m) ∈ E ,
∀i , j , k , l ,m ∈ V , xij + xkj + xkl + xml ≥ 1
(i , j), (k , j), (k , l), (m, l) ∈ E ,
∀i ∈ V , ti + 1 ≤ CmaxRodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfI
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
{ if eij < 0.25 =⇒ xij = 0if eij ≥ 0.25 =⇒ xij = 1PSfrag replaements 0.250.250.250.250.250.250.25 0.25
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
{ if eij < 0.25 =⇒ xij = 0if eij ≥ 0.25 =⇒ xij = 1PSfrag replaements 0.250.250.250.250.250.250.25 0.25Another step is needed in order to get a feasible shedule
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
{ if eij < 0.25 =⇒ xij = 0if eij ≥ 0.25 =⇒ xij = 1PSfrag replaements 0.250.250.250.250.250.250.25 0.25Another step is needed in order to get a feasible sheduleBy indution, ti ≤ (2− 22m+1)t∗i with t∗i the starting time of igiven by the solution of PLinfIRodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
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ProedureAn integrity onstraint is relaxed xij ∈ {0, 1} ⇒ eij ∈ [0, 1],PLI ⇒ PLinfIand feasible shedule is produed by rounding
{ if eij < 0.25 =⇒ xij = 0if eij ≥ 0.25 =⇒ xij = 1PSfrag replaements 0.250.250.250.250.250.250.25 0.25Another step is needed in order to get a feasible sheduleBy indution, ti ≤ (2− 22m+1)t∗i with t∗i the starting time of igiven by the solution of PLinfISo, Cmax ≤ (2− 22m+1)C optmaxThe bound is tightRodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Tightness of the boundThe bound is tight :PSfrag replaements Rounding0, 250, 250, 25 0, 251111
. . .

. . .

a path with k verties
Cmax ≤ 2k Copt = k + k−14 = 5k4 − 14Dilatation of length by 85
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Bounded version
Using the Brent's Lemma (74)(The validity of this algorithm isbased on the fat there is at most one mathing between thetasks exeuted at time ti and the tasks proessed at timeti + 1)
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Bounded version
Using the Brent's Lemma (74)(The validity of this algorithm isbased on the fat there is at most one mathing between thetasks exeuted at time ti and the tasks proessed at timeti + 1)
∃(1 + 43)-approximation algorithm for theP |pi = 1, ij = 1|Cmax (Improved by [Munier,Hanen 96℄
∃(1 + 43 − 43m )-approximation algorithm)
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Bounded version
Using the Brent's Lemma (74)(The validity of this algorithm isbased on the fat there is at most one mathing between thetasks exeuted at time ti and the tasks proessed at timeti + 1)
∃(1 + 43)-approximation algorithm for theP |pi = 1, ij = 1|Cmax (Improved by [Munier,Hanen 96℄
∃(1 + 43 − 43m )-approximation algorithm)
(1 + (2− 1m)85 )-approximation algorithm for the problemP(Pm)|pre ; (ij , ǫij) = (1, 0); pi = 1|Cmax
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Analysis
For the entral problems (UET − UCT ) in shedulingHomogeneous/Hierarhial models are in lass APX
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Analysis
For the entral problems (UET − UCT ) in shedulingHomogeneous/Hierarhial models are in lass APXFor the large ommuniation delays  ≥ 2 (or
(ij =  , ǫij =  ′) with  >  ′ ≥ 1), it exists an-approximationalgorithm A suh that A ∈ APX ?
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Approximation algorithm for Large ommuniation delay inhomogeneous model
We onsider the ase of  ≥ 2
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Approximation algorithm for Large ommuniation delay inhomogeneous model
We onsider the ase of  ≥ 2P̄|pre ; ij ≥ 2; pi = 1|Cmax ∈ APX ?
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Approximation algorithm for Large ommuniation delay inhomogeneous model
We onsider the ase of  ≥ 2P̄|pre ; ij ≥ 2; pi = 1|Cmax ∈ APX ?We develop a new algorithm based on the solution given theproblem P̄|pre ; ij = 1; pi = 1|Cmax
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StrategyFirst Step �Good� feasible shedule with unbounded number ofproessors σ∞
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StrategyFirst Step �Good� feasible shedule with unbounded number ofproessors σ∞Seond Step An assignment of the tasks is keeping
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StrategyFirst Step �Good� feasible shedule with unbounded number ofproessors σ∞Seond Step An assignment of the tasks is keepingThird Step An expansion of the makespan, while preservingommuniation delays (tj ≥ ti + 1 + ) for i and j with
(i , j) ∈ E , proessing on two di�erent proessors

PSfrag replaements

π1 π1
π2π2 1 xx yy zzk k + 1 k + 2 k + 3 (+1)k2 (+1)k2 + 1 (+1)(k+1)2 (+1)(k+1)2 + 1
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Coe�ient of expansion
Let be two tasks i and j suh that (i , j) ∈ E , whih areproessed on two di�erent proessors in the feasible shedule
σ∞
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Coe�ient of expansion
Let be two tasks i and j suh that (i , j) ∈ E , whih areproessed on two di�erent proessors in the feasible shedule
σ∞ti = d × ti and tj = d × tj
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Coe�ient of expansion
Let be two tasks i and j suh that (i , j) ∈ E , whih areproessed on two di�erent proessors in the feasible shedule
σ∞ti = d × ti and tj = d × tjAfter an expansion, tj ≥ ti + 1 +  , and sod × ti − d × tj ≥  + 1, d ≥ +1ti−tj , d ≥ +12 ⇒ d = (+1)2
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Ratio
An expansion algorithm gives a feasible shedule
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Ratio
An expansion algorithm gives a feasible sheduleAn expansion algorithm gives a 2(+1)3 −approximationalgorithm
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Ratio
An expansion algorithm gives a feasible sheduleAn expansion algorithm gives a 2(+1)3 −approximationalgorithmC hmax ≤ 43C optmax by the First Step of an algorithm
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Ratio
An expansion algorithm gives a feasible sheduleAn expansion algorithm gives a 2(+1)3 −approximationalgorithmC hmax ≤ 43C optmax by the First Step of an algorithmC h∗max = (+1)2 C hmax by the Third Step of an algorithmC opt,max ≥ C optmax
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Ratio
An expansion algorithm gives a feasible sheduleAn expansion algorithm gives a 2(+1)3 −approximationalgorithmC hmax ≤ 43C optmax by the First Step of an algorithmC h∗max = (+1)2 C hmax by the Third Step of an algorithmC opt,max ≥ C optmaxCh∗maxCopt,max =

(+1)2 ChmaxCopt,max ≤
(+1)2 ChmaxCoptmax ≤

(+1)2 43CoptmaxCoptmax ≤ 2(+1)3
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Ratio
An expansion algorithm gives a feasible sheduleAn expansion algorithm gives a 2(+1)3 −approximationalgorithmC hmax ≤ 43C optmax by the First Step of an algorithmC h∗max = (+1)2 C hmax by the Third Step of an algorithmC opt,max ≥ C optmaxCh∗maxCopt,max =

(+1)2 ChmaxCopt,max ≤
(+1)2 ChmaxCoptmax ≤

(+1)2 43CoptmaxCoptmax ≤ 2(+1)3
ρ ≤ 2(+1)3

Rodolphe Giroudeau & Jean-Claude König {rgirou�,konig}lirmm.frASTEC09



Hierarhial model
The previous algorithm may used to derive a polynomial-timewith performane ratio equal to
( + 1)(1− 12m+1)-approximation algorithm for the problemP̄(Pm)|pre ; (ij , ǫij) = ( ,  ′); pi = 1|Cmax with m ≥ 1
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Approximation
# proessors Com. Delay (ij , ǫij) Complexity & ApproximationP̄ (1, 1) 76 ≤ ρ ≤ 43P̄ ( , ) +5+4 ≤ ρ ≤ 2(+1)3P (1, 1) 43 ≤ ρ ≤ 73P ( , ) +4+3 ≤ ρ ≤ 7(+1)6P̄(P2) (1, 0) 43 ≤ ρ ≤ 85P̄(P2) ( ,  ′),  >  ′ ≥ 1 +4+3 ≤ ρ ≤ ( + 1)(1− 12m+1)
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Conlusion on homogeneous versus hierarhial model
Tehniques used in polynomial-time transformations(omplexity) resist to passage to hierarhial ommuniationmodel
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Conlusion on homogeneous versus hierarhial model
Tehniques used in polynomial-time transformations(omplexity) resist to passage to hierarhial ommuniationmodelTehniques used for approximation algorithm also resist topassage to hierarhial ommuniation model
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Future work ?
Complexity results :
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Future work ?
Complexity results :The lower bounds are the best lower bound ? It given by animpossibility theorem ? Another way to �nd the best lowerbound ?Approximation algorithms :
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Future work ?
Complexity results :The lower bounds are the best lower bound ? It given by animpossibility theorem ? Another way to �nd the best lowerbound ?Approximation algorithms :There exists a ρ−approximation with ρ < 4/3 for thesheduling problem P̄ |pi = 1, ij = 1|Cmax ?
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Future work ?
Complexity results :The lower bounds are the best lower bound ? It given by animpossibility theorem ? Another way to �nd the best lowerbound ?Approximation algorithms :There exists a ρ−approximation with ρ < 4/3 for thesheduling problem P̄ |pi = 1, ij = 1|Cmax ?There exists a ρ-approximation algorithm with ρ ∈ IR for thesheduling problem P̄ |pi = 1, ij =  ≥ 2|Cmax ?
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Conlusion
Any questions ?
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