
❉é✜s ❞❡s ❣r❛♥❞❡s ✐♥❢r❛str✉❝t✉r❡s ❞❡ ❝❛❧❝✉❧

❆r♥❛✉❞ ▲❡❣r❛♥❞

❆r♥❛✉❞ ▲❡❣r❛♥❞ ✶ ✴ ✶✸



◗✉❡❧ ❡st ❧❡ ♣♦✐♥t ❝♦♠♠✉♥ ❡♥tr❡ ✳ ✳ ✳ ❄

Eau potable, panneaux solaires, médicaments contre Ebola, le SIDA ou le cancer,
l’évolution du climat, le para-pente, la recherche d’extra-terrestres, les pulsars, . . .
❆r♥❛✉❞ ▲❡❣r❛♥❞ ❉❡s ❜❡s♦✐♥s ✉♥✐✈❡rs❡❧s ❡t t♦✉❥♦✉rs ❝r♦✐ss❛♥ts ✷ ✴ ✶✸



▲❡ ❝❛❧❝✉❧ ❜é♥é✈♦❧❡

❇❡r❦❡❧❡② ❖♣❡♥ ■♥❢r❛str✉❝t✉r❡ ❢♦r ◆❡t✇♦r❦

❈♦♠♣✉t✐♥❣ ✭❇❖■◆❈✮✿

❊♥✈✐r♦♥ ✷✸✽ ✵✵✵ ✈♦❧♦♥t❛✐r❡s ❛❝t✐❢s s✉r
♣❧✉s ❞❡ ✹✷✵ ✽✵✵ ♦r❞✐♥❛t❡✉rs

✭♠❛✐s ❛✉ss✐ t❛❜❧❡tt❡s✱ té❧é♣❤♦♥❡s✱ ✳✳✳✮

▲❛ ♣✉✐ss❛♥❝❡ ❞❡ ❝❛❧❝✉❧ ♠♦②❡♥♥❡ s✉r
✷✹ ❤❡✉r❡s ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣❛rt✐✲
❝✐♣❛♥ts ❛tt❡✐♥t ✻ ✼✷✷ P❡t❛❋❧♦♣s

❍étér♦❣è♥❡✱ ❞②♥❛♠✐q✉❡✱ ❞❡s ♦r❞✐♥❛✲
t❡✉rs ♣❛s ❢♦r❝é♠❡♥t ✜❛❜❧❡s✱ ✳ ✳ ✳

❚♦❞❛② t❤❡ ❝♦♠♣✉t❡r ✐s ❥✉st ❛s ✐♠♣♦rt❛♥t ❛ t♦♦❧ ❢♦r ❝❤❡♠✐sts ❛s

t❤❡ t❡st t✉❜❡✳ ❙✐♠✉❧❛t✐♦♥s ❛r❡ s♦ r❡❛❧✐st✐❝ t❤❛t t❤❡② ♣r❡❞✐❝t t❤❡

♦✉t❝♦♠❡ ♦❢ tr❛❞✐t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts

✕ ❈♦♠✐té ◆♦❜❡❧ ✭❈❤✐♠✐❡✮✱ ✷✵✶✸

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❡s ❣r❛♥❞❡s ✐♥❢r❛str✉❝t✉r❡s ❞❡ ❝❛❧❝✉❧ ✸ ✴ ✶✸



▲❡s s✉♣❡r❝❛❧❝✉❧❛t❡✉rs

✶✵✵✱✵✵✵ à ✶✱✵✵✵✱✵✵✵ ❞❡ ❝♦❡✉rs✱ ❞❡s ❛❝❝é❧ér❛t❡✉rs ✭●P❯✱ ❳❡♦♥ P❤✐✮✱ ✉♥
rés❡❛✉ ❞✬✐♥t❡r❝♦♥♥❡❝t✐♦♥ ✉❧tr❛✲r❛♣✐❞❡

❯♥❡ ❝♦✉rs❡ ❡♥tr❡ ❧❡s ♣❛②s ✭❚♦♣✺✵✵✮

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❡s ❣r❛♥❞❡s ✐♥❢r❛str✉❝t✉r❡s ❞❡ ❝❛❧❝✉❧ ✹ ✴ ✶✸



▲❡ ❝❧♦✉❞

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❡s ❣r❛♥❞❡s ✐♥❢r❛str✉❝t✉r❡s ❞❡ ❝❛❧❝✉❧ ✺ ✴ ✶✸



❯♥❡ é✈♦❧✉t✐♦♥ ✈❡rt✐❣✐♥❡✉s❡

❉❡s ❛r❝❤✐t❡❝t✉r❡s ♣❛r❛❧❧è❧❡s✱ ❤②❜r✐❞❡s ❡t ❞❡ très ❣r❛♥❞❡ t❛✐❧❧❡ ♣♦✉r ré♣♦♥❞r❡
❛✉① ❜❡s♦✐♥s ❞❡ ❝❛❧❝✉❧ ❡t ❛✉① ❝♦♥tr❛✐♥t❡s é♥❡r❣ét✐q✉❡s

1996 2009 2015

ASCI Red ATI Radeon Nvidia Tegra X1
1 Teraflop 2.4 Teraflop 1 Teraflop

9298 Pentium II 1600 Stream Processors 8-core ARM CPU
1 000 Flops/W 1 600 000 Flops/W 667 000 000 Flops/W

▼♦♥ té❧é♣❤♦♥❡ ❡st ❛✉ss✐ ♣✉✐ss❛♥t q✉✬✉♥ s✉♣❡r✲❝❛❧❝✉❧❛t❡✉r ❞✬✐❧ ② ❛ ✷✵ ❛♥s

▼❛✐s ❙❡q✉♦✐❛✱ ❝✬❡st ✻ ♠✐❧❧✐♦♥s ❞❡ t❤r❡❛❞s s✬é❝❤❛♥❣❡❛♥t ❞❡s ❞♦♥♥é❡s✳ ✳ ✳
❈♦♠♠❡♥t ♣r♦❣r❛♠♠❡✲t✲♦♥ ✉♥ t❡❧ ♠♦♥str❡ ❄

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❡s ❣r❛♥❞❡s ✐♥❢r❛str✉❝t✉r❡s ❞❡ ❝❛❧❝✉❧ ✻ ✴ ✶✸



❯♥❡ é✈♦❧✉t✐♦♥ ✈❡rt✐❣✐♥❡✉s❡

❉❡s ❛r❝❤✐t❡❝t✉r❡s ♣❛r❛❧❧è❧❡s✱ ❤②❜r✐❞❡s ❡t ❞❡ très ❣r❛♥❞❡ t❛✐❧❧❡ ♣♦✉r ré♣♦♥❞r❡
❛✉① ❜❡s♦✐♥s ❞❡ ❝❛❧❝✉❧ ❡t ❛✉① ❝♦♥tr❛✐♥t❡s é♥❡r❣ét✐q✉❡s

1996 2009 2015

ASCI Red ATI Radeon Nvidia Tegra X1
1 Teraflop 2.4 Teraflop 1 Teraflop

9298 Pentium II 1600 Stream Processors 8-core ARM CPU
1 000 Flops/W 1 600 000 Flops/W 667 000 000 Flops/W

▼♦♥ té❧é♣❤♦♥❡ ❡st ❛✉ss✐ ♣✉✐ss❛♥t q✉✬✉♥ s✉♣❡r✲❝❛❧❝✉❧❛t❡✉r ❞✬✐❧ ② ❛ ✷✵ ❛♥s
▼❛✐s ❙❡q✉♦✐❛✱ ❝✬❡st ✻ ♠✐❧❧✐♦♥s ❞❡ t❤r❡❛❞s s✬é❝❤❛♥❣❡❛♥t ❞❡s ❞♦♥♥é❡s✳ ✳ ✳

❈♦♠♠❡♥t ♣r♦❣r❛♠♠❡✲t✲♦♥ ✉♥ t❡❧ ♠♦♥str❡ ❄

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❡s ❣r❛♥❞❡s ✐♥❢r❛str✉❝t✉r❡s ❞❡ ❝❛❧❝✉❧ ✻ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















t = ✽/✹

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















✻z+ t = −✹

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















✻z+ ✷ = −✹

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















✻z = −✹− ✷

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















z = −✻/✻

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















y−✸z− t = ✺

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















y+(✸−✷) = ✺

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















y+ ✶ = ✺

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















y = (✺− ✶)/✶

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















y = ✹

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















x+ y+ z+ t = ✻

y = ✹

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















x+(✹− ✶+ ✷) = ✻

y = ✹

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















x+ ✺ = ✻

y = ✹

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















x = (✻− ✺)/✶

y = ✹

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭à ❧❛ ♠❛✐♥✮



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽



















x = ✶

y = ✹

z = −✶

t = ✷

▲❡s ♣r✐♥❝✐♣❛❧❡s ét❛♣❡s✿

♦♥ ♣❛rt ❞✉ ❜❛s

♦♥ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ❤♦r✐③♦♥t❛❧❡♠❡♥t

♦♥ ❞✐✈✐s❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✼ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ✭❡♥ ♣②t❤♦♥✮

✭s❛♥s ✉t✐❧✐s❡r ♥♣✳❧✐♥❛❧❣✳s♦❧✈❡✭❆✱❜✮✱ ❜✐❡♥ sûr ,✮

✶ import numpy as np

✷ A = np.array([[1, 1, 1, 1], [0, 1, -3, -1],

✸ [0, 0, 6, 1] , [0, 0, 0, 4]], float)

✹ b = np.array([6, 5, -4, 8], float)

✺

✻ n = len(b)

✼ x = np.zeros(n, float)

✽ for i in reversed(range(0,n)): # en partant du bas

✾ S = 0

✶✵ for j in range(i+1,n):

✶✶ S = S + A[i][j] * x[j] # la somme

✶✷ x[i] = (b[i] - S) / A[i][i] # la division

✶✸ print(x)

✶ [ 1. 4. -1. 2.]

x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽

❚❡❧ q✉❡❧✱ ❝❡ ♣r♦❣r❛♠♠❡ ❡st ✐♥tr✐♥sèq✉❡♠❡♥t séq✉❡♥t✐❡❧ ✭à ❝❛✉s❡ ❞❡ ❙✮

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✽ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡

✶ for i in reversed(range(0,n)): # en partant du bas

✷ S = np.dot(A[i][i+1:n],x[i+1:n]) # la somme

✸ x[i] = (b[i] - S) / A[i][i] # la division

❈❡tt❡ ✈❡rs✐♦♥✲❝✐ ❡st ❜✐❡♥ ♣❧✉s r❛♣✐❞❡ q✉❡ ❧❛ ♣ré❝é❞❡♥t❡ ❝❛r✿

♣❛s ❞✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❧❛ ❜♦✉❝❧❡ ✐♥t❡r♥❡✱ ❞❡ ✈ér✐✜❝❛t✐♦♥ ❞❡s ❜♦r♥❡s✱ ✳ ✳ ✳

❧❛ s♦♠♠❡ ❡st ✈❡❝t♦r✐s❛❜❧❡ ✭▼▼❳✱ ❙❙❊✱ ●P❯✱✳✳✳✮

❧❛ s♦♠♠❡ ❡st ♣❛r❛❧❧é❧✐s❛❜❧❡ ✭t❤r❡❛❞s✱ ♠✉❧t✐❝♦r❡✮

❧❛ s♦♠♠❡ ❡st ❞✐str✐❜✉❛❜❧❡ ✭rés❡❛✉✱ ▼P■✮

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✾ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡

✶ for i in reversed(range(0,n)): # en partant du bas

✷ S = np.dot(A[i][i+1:n],x[i+1:n]) # la somme

✸ x[i] = (b[i] - S) / A[i][i] # la division

❈❡tt❡ ✈❡rs✐♦♥✲❝✐ ❡st ❜✐❡♥ ♣❧✉s r❛♣✐❞❡ q✉❡ ❧❛ ♣ré❝é❞❡♥t❡ ❝❛r✿

♣❛s ❞✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❧❛ ❜♦✉❝❧❡ ✐♥t❡r♥❡✱ ❞❡ ✈ér✐✜❝❛t✐♦♥ ❞❡s ❜♦r♥❡s✱ ✳ ✳ ✳

❧❛ s♦♠♠❡ ❡st ✈❡❝t♦r✐s❛❜❧❡ ✭▼▼❳✱ ❙❙❊✱ ●P❯✱✳✳✳✮

❧❛ s♦♠♠❡ ❡st ♣❛r❛❧❧é❧✐s❛❜❧❡ ✭t❤r❡❛❞s✱ ♠✉❧t✐❝♦r❡✮

❧❛ s♦♠♠❡ ❡st ❞✐str✐❜✉❛❜❧❡ ✭rés❡❛✉✱ ▼P■✮

❙ ❂ ❙ ✰ ❱❴❍❆❞❞✭❘✵✮

❘✵ ❂ ❱❴▼✉❧t✭❘✶✱❘✷✮

✳✳✳

✳✳✳

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✾ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡

✶ for i in reversed(range(0,n)): # en partant du bas

✷ S = np.dot(A[i][i+1:n],x[i+1:n]) # la somme

✸ x[i] = (b[i] - S) / A[i][i] # la division

❈❡tt❡ ✈❡rs✐♦♥✲❝✐ ❡st ❜✐❡♥ ♣❧✉s r❛♣✐❞❡ q✉❡ ❧❛ ♣ré❝é❞❡♥t❡ ❝❛r✿

♣❛s ❞✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❧❛ ❜♦✉❝❧❡ ✐♥t❡r♥❡✱ ❞❡ ✈ér✐✜❝❛t✐♦♥ ❞❡s ❜♦r♥❡s✱ ✳ ✳ ✳

❧❛ s♦♠♠❡ ❡st ✈❡❝t♦r✐s❛❜❧❡ ✭▼▼❳✱ ❙❙❊✱ ●P❯✱✳✳✳✮

❧❛ s♦♠♠❡ ❡st ♣❛r❛❧❧é❧✐s❛❜❧❡ ✭t❤r❡❛❞s✱ ♠✉❧t✐❝♦r❡✮

❧❛ s♦♠♠❡ ❡st ❞✐str✐❜✉❛❜❧❡ ✭rés❡❛✉✱ ▼P■✮

❙✷ ❂ ♣r♦❞✭❆✷✱❇✷✮❙✶ ❂ ♣r♦❞✭❆✶✱❇✶✮

t❤r❡❛❞❴❥♦✐♥✭✮

❙ ❂ ❙✶ ✰ ❙✷

t❤r❡❛❞❴❝r❡❛t❡✭✮

❚❤r❡❛❞ ✶ ❚❤r❡❛❞ ✷

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✾ ✴ ✶✸



❘és♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡

✶ for i in reversed(range(0,n)): # en partant du bas

✷ S = np.dot(A[i][i+1:n],x[i+1:n]) # la somme

✸ x[i] = (b[i] - S) / A[i][i] # la division

❈❡tt❡ ✈❡rs✐♦♥✲❝✐ ❡st ❜✐❡♥ ♣❧✉s r❛♣✐❞❡ q✉❡ ❧❛ ♣ré❝é❞❡♥t❡ ❝❛r✿

♣❛s ❞✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❧❛ ❜♦✉❝❧❡ ✐♥t❡r♥❡✱ ❞❡ ✈ér✐✜❝❛t✐♦♥ ❞❡s ❜♦r♥❡s✱ ✳ ✳ ✳

❧❛ s♦♠♠❡ ❡st ✈❡❝t♦r✐s❛❜❧❡ ✭▼▼❳✱ ❙❙❊✱ ●P❯✱✳✳✳✮

❧❛ s♦♠♠❡ ❡st ♣❛r❛❧❧é❧✐s❛❜❧❡ ✭t❤r❡❛❞s✱ ♠✉❧t✐❝♦r❡✮

❧❛ s♦♠♠❡ ❡st ❞✐str✐❜✉❛❜❧❡ ✭rés❡❛✉✱ ▼P■✮

❙ ❂ ♣r♦❞✭❆✱❇✮

▼P■❴❙❝❛tt❡r

▼P■❴●❛t❤❡r✭❙♣✮

❙ ❂ ♣r♦❞✭❆✱❇✮

❙ ❂ s✉♠✭❙♣✮

▼P■❴❙❝❛tt❡r

▼P■❴●❛t❤❡r✭❙♣✮

▼P■❴❙✳✳✳

❙ ❂ ✳✳✳

▼P■❴●✳✳✳

◆♦❞❡ ✷ ◆♦❞❡✳✳✳◆♦❞❡ ✶

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✾ ✴ ✶✸



❊st✲❝❡ s❛t✐s❢❛✐s❛♥t ❄

P✶

P✸
P✷

P✹

P✺

P✻

P✼

P✽

❚❡♠♣s
❙♦♠♠❡ ■♥✈❡rs✐♦♥

✳✳✳

◆♦♥✦

▲❡s ♣r♦❝❡ss❡✉rs s♦♥t ❧❛r❣❡♠❡♥t ✐♥❛❝t✐❢s ✭s❛✉❢ ✈❡rs à ❧❛ ✧✜♥✧✮

❖♥ ❝♦♠♠✉♥✐q✉❡ très s♦✉✈❡♥t ❞❡s ❞♦♥♥é❡s t♦✉t❡s ♣❡t✐t❡s

▲❡ ♠♦✐♥❞r❡ r❡t❛r❞ ❞✬✉♥ ♣r♦❝❡ss❡✉r r❛❧❡♥t✐ t♦✉t ❧❡ ♠♦♥❞❡

■❧ ❢❛✉t t♦✉t ré♦r❣❛♥✐s❡r✿

❝❤❛♥❣❡r ❧❛ ❣r❛♥✉❧❛r✐té

s✉♣♣r✐♠❡r ❧❡s s②♥❝❤r♦♥✐s❛t✐♦♥s

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✶✵ ✴ ✶✸



❯♥ ♣❡✉ ❞❡ r❡str✉❝t✉r❛t✐♦♥



















x+ y+ z+ t = ✻

y− ✸z− t = ✺

✻z+ t =−✹

✹t = ✽

❙✉❜st✐t✉♦♥s ❧❡s ✈❛r✐❛❜❧❡s ❞❛♥s ❝❤❛❝✉♥❡
❞❡s ❧✐❣♥❡s ✭s♦♠♠❡s✮ ❞ès q✉❡ ♣♦ss✐❜❧❡

✭♦♥ tr❛✈❛✐❧❧❡ ❞♦♥❝ ✧✈❡rt✐❝❛❧❡♠❡♥t✧✮

✶

✷

✸

✹

✺

✻

✼

✽

✾

✶✵

✶✶

✶✷

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✶✶ ✴ ✶✸



❯♥ ♣❡✉ ❞❡ r❡str✉❝t✉r❛t✐♦♥



















x+ y+ z+ ✷ = ✻

y− ✸z− ✷ = ✺

✻z+ ✷ =−✹

✹t = ✽

❙✉❜st✐t✉♦♥s ❧❡s ✈❛r✐❛❜❧❡s ❞❛♥s ❝❤❛❝✉♥❡
❞❡s ❧✐❣♥❡s ✭s♦♠♠❡s✮ ❞ès q✉❡ ♣♦ss✐❜❧❡
✭♦♥ tr❛✈❛✐❧❧❡ ❞♦♥❝ ✧✈❡rt✐❝❛❧❡♠❡♥t✧✮

✶ import numpy as np

✷ A = np.array([[1, 1, 1, 1], [0, 1, -3, -1],

✸ [0, 0, 6, 1] , [0, 0, 0, 4]], float)

✹ b = np.array([6, 5, -4, 8], float)

✺

✻ n = len(b)

✼ x = np.zeros(n, float)

✽ S = np.zeros(n, float)

✾ for j in reversed(range(0,n)): # en partant du bas

✶✵ x[j] = (b[j] - S[j]) / A[j][j] # la division (D_j)

✶✶ for i in range(0,j): # vraie boucle parallele

✶✷ S[i] = S[i] + A[i][j] * x[j] # mise a jour (U_i,j)

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✶✶ ✴ ✶✸



✳ ✳ ✳ ♣♦✉r ♦❜t❡♥✐r ❞❡s ❣r❛♣❤❡s ❞❡ tâ❝❤❡s

❙✐ I✶ é❝r✐t z ❡t I✷ ❧✐t✴é❝r✐t z ✱ ✐❧ ❢❛✉t ❢❛✐r❡ I✶ ❡t I✷ ❞❛♥s ❧❡ ❜♦♥ ♦r❞r❡ [Bernstein66]

▲❡s ❞♦♥♥é❡s ❞é✜♥✐ss❡♥t ❞❡s ❞é♣❡♥❞❛♥❝❡s
❡♥tr❡ ❧❡s ✐♥str✉❝t✐♦♥s✴tâ❝❤❡s

✶ import numpy as np

✷ A = np.array([[1, 1, 1, 1], [0, 1, -3, -1],

✸ [0, 0, 6, 1] , [0, 0, 0, 4]], float)

✹ b = np.array([6, 5, -4, 8], float)

✺

✻ n = len(b)

✼ x = np.zeros(n, float)

✽ S = np.zeros(n, float)

✾ for j in reversed(range(0,n)): # en partant du bas

✶✵ x[j] = (b[j] - S[j]) / A[j][j] # la division (D_j)

✶✶ for i in range(0,j): # vraie boucle parallele

✶✷ S[i] = S[i] + A[i][j] * x[j] # mise a jour (U_i,j)

❛❞❛♣t❛t✐♦♥ ❞❡ ❧❛ ❣r❛♥✉❧❛r✐té

❞❡s ✈❡rs✐♦♥s ♦♣t✐♠✐sé❡s s❡❧♦♥ ❧❡s
r❡ss♦✉r❝❡s ✭❈P❯✴●P❯✴❛✉t♦✲t✉♥✐♥❣✮

éq✉✐❧✐❜r❛❣❡ ❞❡ ❝❤❛r❣❡ ❞②♥❛♠✐q✉❡

❞❡s ♣❡r❢♦r♠❛♥❝❡s ♣❧✉s ♣♦rt❛❜❧❡s

U✺,✷ U✺,✶ U✺,✵

U✹,✸ U✹,✷ U✹,✵U✹,✶

U✷,✶

U✸,✶ U✸,✵

U✺,✻

D✷

U✷,✵

D✹

D✶

U✺,✹

D✸

D✵

U✺,✸

U✸,✷

D✺

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✶✷ ✴ ✶✸



✳ ✳ ✳ ♣♦✉r ♦❜t❡♥✐r ❞❡s ❣r❛♣❤❡s ❞❡ tâ❝❤❡s

❙✐ I✶ é❝r✐t z ❡t I✷ ❧✐t✴é❝r✐t z ✱ ✐❧ ❢❛✉t ❢❛✐r❡ I✶ ❡t I✷ ❞❛♥s ❧❡ ❜♦♥ ♦r❞r❡ [Bernstein66]

▲❡s ❞♦♥♥é❡s ❞é✜♥✐ss❡♥t ❞❡s ❞é♣❡♥❞❛♥❝❡s
❡♥tr❡ ❧❡s ✐♥str✉❝t✐♦♥s✴tâ❝❤❡s

✶ import numpy as np

✷ A = np.array([[1, 1, 1, 1], [0, 1, -3, -1],

✸ [0, 0, 6, 1] , [0, 0, 0, 4]], float)

✹ b = np.array([6, 5, -4, 8], float)

✺

✻ n = len(b)

✼ x = np.zeros(n, float)

✽ S = np.zeros(n, float)

✾ for j in reversed(range(0,n)): # en partant du bas

✶✵ x[j] = (b[j] - S[j]) / A[j][j] # la division (D_j)

✶✶ for i in range(0,j): # vraie boucle parallele

✶✷ S[i] = S[i] + A[i][j] * x[j] # mise a jour (U_i,j)

❛❞❛♣t❛t✐♦♥ ❞❡ ❧❛ ❣r❛♥✉❧❛r✐té

❞❡s ✈❡rs✐♦♥s ♦♣t✐♠✐sé❡s s❡❧♦♥ ❧❡s
r❡ss♦✉r❝❡s ✭❈P❯✴●P❯✴❛✉t♦✲t✉♥✐♥❣✮

éq✉✐❧✐❜r❛❣❡ ❞❡ ❝❤❛r❣❡ ❞②♥❛♠✐q✉❡

❞❡s ♣❡r❢♦r♠❛♥❝❡s ♣❧✉s ♣♦rt❛❜❧❡s

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥ ♣❡✉ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ✶✷ ✴ ✶✸



❉❡s ✐♥❢r❛str✉❝t✉r❡s ♦♠♥✐✲♣rés❡♥t❡s ❡t ❡♥ ♣❡r♣ét✉❡❧❧❡ é✈♦❧✉t✐♦♥

◆♦tr❡ s♦❝✐été r❡♣♦s❡ ✭♣❛r❢♦✐s s❛♥s ❧❡ s❛✈♦✐r✮ s✉r ❞❡ ❣✐❣❛♥t❡sq✉❡s ✐♥❢r❛str✉❝✲
t✉r❡s ❞❡ ❝❛❧❝✉❧✳

❈♦♠♠❡♥t ❝♦♥❝❡✈♦✐r✴✉t✐❧✐s❡r✴❝♦♠♣r❡♥❞r❡ ❞❡ t❡❧❧❡s ✐♥❢r❛str✉❝t✉r❡s ❄

Pr♦❣r❛♠♠❛t✐♦♥ ✭♣♦rt❛❜✐❧✐té✱ ♣❡r❢♦r♠❛♥❝❡✱ é✈♦❧✉t✐♦♥ t❡❝❤♥♦❧♦❣✐q✉❡✮

❚♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s

❈♦♥s♦♠♠❛t✐♦♥ é♥❡r❣ét✐q✉❡

P❛rt❛❣❡ éq✉✐t❛❜❧❡ ❞❡s r❡ss♦✉r❝❡s

▼♦❞é❧✐s❛t✐♦♥✴❛♥❛❧②s❡✴é✈❛❧✉❛t✐♦♥✴❡①♣ér✐♠❡♥t❛t✐♦♥

Pr♦❜❧è♠❛t✐q✉❡s s✐♠✐❧❛✐r❡s ❞❛♥s✿

❘és❡❛✉① ✭s❛♥s ✜❧s✱ ❞❡ ❝❛♣t❡✉rs✱ ❞✬♦❜❥❡ts ❝♦♥♥❡❝tés✳ ✳ ✳ ✮

❱é❧♦s ❡♥ ❧✐❜r❡ s❡r✈✐❝❡✱ ❝♦✲✈♦✐t✉r❛❣❡✱ tr❛♥s♣♦rt✱ s♠❛rt✲❣r✐❞s✱ ✳ ✳ ✳

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❈♦♥❝❧✉s✐♦♥ ✶✸ ✴ ✶✸
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