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ABSTRACT
A paradox of dynamic routing in the Cohen-Kelly network
is studied. Intuitively, we expect that adding capacity to
a network improves the performance of the users. Braess
showed an example wherein the opposite occurs. We refer
to such a situation as a paradox. In this paper, we deal with
a class of queueing networks in which Cohen and Kelly
discovered a paradox in static routing. We consider the dy-
namic routing problems in the above mentioned class of
networks, and show the existence of a paradox in dynamic
routing of the above mentioned class of networks through
simulation experiments analogous to what Cohen and Kelly
showed.

KEY WORDS
Braess paradox, Queueing network, Routing, Wardrop
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1 Introduction

An important problem in current high-speed and large-
scale computer and communication networks (e.g., GRID,
Internet) is to provide all users with satisfactory network
performance. Intuitively, we expect that the total perfor-
mance of a network will increase in its capacity. In non-
cooperative optimization (which results in a Nash [14] or
Wardrop [16] equilibrium), however, adding capacity or a
link to a network may sometimes degrade the performance
for all users as exemplified by the Braess paradox [2]. That
is, Braess [2] considered a network routing problem in
which all the costs of the links are linear. In a Wardrop
equilibrium, he discovered a paradoxical phenomenon as
described above. The Braess paradox attracted attention of
many researchers, and was found in various types of net-
work optimization problems, for example, [1], [3], [4], [5],
[6], [7], [8], [9], [10], [11], [12], [15].

Cohen and Kelly [5] studied static routing in two
queueing networks, called the initial and augmented net-
works. The initial network has two paths, and the aug-
mented network has an additional path. An individual user
arriving at the network only knows the expected transit time
of each path in the network. In that situation, they showed

the existence of a paradox. Also, in [5], the authors raised
the question of whether the paradox also occurs in networks
where users have knowledge not only on the expected tran-
sit time of each path in the network, but also on the instan-
taneous length of each queue.

Calvert et al. [3] considered dynamic routing in the
same networks as introduced by Cohen and Kelly [5]. In
their study, individual users have full knowledge of all the
instantaneous queue lengths of the network servers and
they can make use of that knowledge in their dynamic rout-
ing decisions. They analytically derived the recursive equa-
tions that provide a dynamic routing decision. Through
some simulation experiments, they contended that they
showed that a Braess paradox occurred in dynamic rout-
ing analogous to what Cohen and Kelly showed.

To show the existence of the paradox, however, they
just compared between the overall mean transit times of
jobs in the initial and augmented networks. That is, they did
not show that the mean transit time of jobs routed through
any path was higher in the augmented network than in the
initial network.

Furthermore, we note that the system used in the sim-
ulation study performed by Calvert et al. [3] does not seem
to be identical to the one they used in their analytical study.
We particularly note that, in the analytical study, they as-
sumed that the total number of jobs entering the system is
finite while in their simulation study, the total number of
jobs entering the system is infinite.

In this paper, therefore, we deal with dynamic routing
for the Cohen-Kelly network. Based on the assumptions
and formulations of the network in [3], we derive dynamic
routing decisions in the initial and augmented networks.
We make experiment on the simulation system that reflects
exactly the analytical model given in [3]. Through the sim-
ulation experiments, we show a case where the paradox oc-
curs for all users. Also, we compare our results with the
results by Calvert et al. [3], and point out that their results
are not sufficient to show that a paradox occurs in the net-
work, in our sense.
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This paper is organized as follows. In section 2, we
describe the Cohen-Kelly network and derive the dynamic
routing decision. In section 3, we describe our simulation
method, and show some simulation results. In section 4,
we conclude this paper.

2 The Model and Assumption

We consider the two networks as shown in Figures 1 and
2. We call the former the initial network and the latter
the augmented network. Both networks consist of an en-
trance (node 0), four queues (nodes 1, 2, 3 and 4), and
an exit (node 5). Node 1 (respectively 4) is a first-come-
first-served (FCFS) queueing system that has an exponen-
tial server with mean 1/µ1 (respectively 1/µ4). Nodes 2
and 3 are queueing systems with infinite servers (IS) whose
service times are exponential distributed with means 1/µ2

and 1/µ3, respectively. Let x1(t), x2(t), x3(t) and x4(t)
denote the numbers of jobs in nodes 1, 2, 3 and 4 at time t,
respectively.

A flow of jobs arrives at the system according to a
Poisson process with rate λ. As assumed in [3], the total
number of jobs that enter the network is finite, and we de-
note it by N . Also, we denote the number of jobs before
arriving at node 0 by x0.

Let D denote the set of states in the whole system
using dynamic routing, that is,

D = {x | x ∈ N
4 and x0 + x1 + x3 + x4 ≤ N}, (1)

where x = (x0, x1, x3, x4) is the state vector for dynamic
routing decision, and N = {0, 1, 2, . . .}. Note that we can
ignore x2 in any routing decisions since the expected transit
time of jobs routed through any path is not affected by x2.

2.1 Initial Network

The initial network (Figure 1) has two paths, 0− 1− 2− 5
and 0 − 3 − 4 − 5, and a job dynamically chooses one of
these paths in order to minimize its own expected transit
time from the entrance (node 0) to the exit (node 5). Let
T I

1 (x) and T I
3 (x) denote the expected transit times of jobs

routed through nodes 1 and 3 when the job sees at node 0
that the system state is x in the initial network, respectively.

We denote the two subsets of states in the whole sys-
tem in the initial network by DI

1 and DI
3 . DI

1 and DI
3 are

given as follows:

DI
1 = {x | x ∈ D and T I

1 (x) ≤ T I
3 (x)}, (2)

and
DI

3 = {x | x ∈ D and T I
1 (x) > T I

3 (x)}. (3)

Note that DI
1 ∩DI

3 = φ and DI
1 ∪DI

3 = D. If a job sees at
node 0 that the system state is in DI

1 , then the job is routed

Node 0
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Node 2 Node 4

λ
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Figure 1. Initial Network: The network has two paths (0-1-
2-5 and 0-3-4-5).

through node 1, and otherwise (i.e., the system state is in
DI

3) it is routed through node 3.

From [3], T I
1 (x) and T I

3 (x) are given by the follow-
ing equations:

T I
1 (x) =

x1 + 1
µ1

+
1
µ2

, x ∈ D, (4)

and

T I
3 (x) =

1
IX0λ + IX1µ1 + (x3 + 1)µ3 + IX4µ4

[
1

+ IX0λT I
3 (x0 − 1, x1 + IC1 , x3 + 1 − IC1 , x4)

+ IX1µ1T
I
3 (x0, x1 − 1, x3, x4) +

µ3(x4 + 1)
µ4

+ x3µ3T
I
3 (x0, x1, x3 − 1, x4 + 1) (5)

+ IX4µ4T
I
3 (x0, x1, x3, x4 − 1)

]
, x ∈ D,

where Xi = {xi > 0} and C1 = {(x0−1, x1, x3+1, x4) ∈
DI

1}, and

IX =
{

1, if X is true,
0, otherwise. (6)

2.2 Augmented Network

The augmented network (Figure 2) has a path 0−1−4−5
in addition to the paths that the initial network has. There-
fore, there exist two decision-making points (nodes 0 and
1) in the augmented network. At node 0, a job chooses a
path by using dynamic routing decision. If the job is routed
through node 1, then it needs to choose between the two
paths (nodes 2 and 4). Note that if a job at node 1 sees
that the current state is (x0, x1, x3, x4), then the expected
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Figure 2. Augmented Network: The network has three
paths (0-1-2-5, 0-3-4-5 and 0-1-4-5).

delays at nodes 2 and 4 are 1/µ2 and (x4 + 1)/µ4, respec-
tively. Therefore, if 1/µ2 ≤ (x4 + 1)/µ4, then the job is
routed through node 2. Otherwise, it is routed through node
4.

Let T A
1 (x) and T A

3 (x) denote the expected transit
times of jobs routed through nodes 1 and 3 when the job
sees at node 0 that the system state is x in the augmented
network, respectively. Then, similarly to the initial net-
work, we define two subsets of D, DA

1 and DA
3 as follows:

DA
1 = {x| x ∈ D and T A

1 (x) ≤ T A
3 (x)}, (7)

and
DA

3 = {x| x ∈ D and T A
1 (x) > T A

3 (x)}. (8)

Note also that DA
1 ∩ DA

3 = φ and DA
1 ∪ DA

3 = D.

As to T A
1 (x), we note that the expected transit time

of a job at node 1 is affected by the number of jobs wait-
ing behind. We denote the number of jobs behind the
job at node 1 by x′

1, the state vector including x′
1 by

x′ = (x0, x1, x
′
1, x3, x4), and the set of x′ by

D′ = {x′ |x′ ∈ N
5 and x0+x1+x′

1+x3+x4 ≤ N}. (9)

Then, from [3] the expected transit time of the job, T ′A
1 (x′)

is given by the following equation:

T ′A
1 (x′) =

1
IX0λ + µ1 + x3µ3 + IX4>0µ4

[
1

+ IX0λT A
1 (x0 − 1, x1, x

′
1 + IC3 , x3 + 1 − IC3 , x4)

+ µ1

(
IX1T

A
1 (x0, x1 − 1, x′

1, x3, x4 + IC2)

+ Ix1=0 min(
1
µ2

,
x4 + 1

µ4
)
)

(10)

+ x3µ3T
A
1 (x0, x1, x

′
1, x3 − 1, x4 + 1)

+ IX4µ4T
A
1 (x0, x1, x

′
1, x3, x4 − 1)

]
, x′ ∈ D′

where C2 = {1/µ2 > (x4 + 1)/µ4} and C3 = {(x0 −
1, x1 + 1, x3, x4) ∈ D1}. Note that T A

1 (x0, x1, x3, x4) =
T ′A

1 (x0, x1, 0, x3, x4).

Also, similarly to the initial network, T A
3 (x) is given

by the following equation:

T A
3 (x) +

1
IX0λ + µ1IX1 + (x3 + 1)µ3 + IX4µ4

[
1

+ IX0λT A
3 (x0 − 1, x1 + IC1 , x3 + 1 − IC1 , x4)

+ IX1µ1T
A
3 (x0, x1 − Ix1>0, x3, x4 + IC2) (11)

+
µ3(x4 + 1)

µ4
+ x3µ3T

A
3 (x0, x1, x3 − 1, x4 + 1)

+ IX4µ4T
A
3 (x0, x1, x3, x4 − 1)

]
, x ∈ D.

3 Simulation Experiments

3.1 The Method

In this section, we describe our simulation method. Note
that it is different from the simulation method of Calvert et
al. [3].

We programmed the simulator using Microsoft Visual
Studio 2003 (C++ Language), and used Mersenne Twister
[13] as a pseudo-random number generator. We ran simu-
lator on several personal computers, each of which has an
AMD Athlon64 FX-51 (2.2GHz) CPU, and 2GB memory.

We can obtain dynamic routing decisions in the initial
(DI

1 , DI
3) and augmented (DA

1 , DA
3 ) networks by solving

(4) and (5) for x ∈ D (in the augmented network, (10) for
x′ ∈ D′ and (11) for x ∈ D) recursively, and compar-
ing between T I

1 (x) and T I
3 (x) (in the augmented network,

T A
1 (x) and T A

3 (x)) for x ∈ D, respectively.

We perform the following simulation in both the ini-
tial and augmented networks. First, we set the initial state
of the network.

(x0(0), x1(0), x2(0), x3(0), x4(0)) = (N, 0, 0, 0, 0),

at time 0. We start each simulation at the initial state,
and the simulation continues until the state becomes
(0, 0, 0, 0, 0). We regard it as one simulation cycle. In
all the results shown in next section, we set the parame-
ter value as follows: N = 100. We then discard the first
20 jobs since initial states are not always steady-states. We
obtain the mean value of transit times of the remaining 80
jobs. We then compute the expectation of the mean transit
times obtained by 50000 simulation cycles.

We repeat the above procedure 20 times using random
numbers of different seeds, and calculate the 95% confi-
dence interval for each value of arrival rate λ. Note, how-
ever, that the lengths of the confidence intervals are so short
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Figure 3. Mean transit time of jobs routed through each
path in the initial and augmented networks with dynamic
routing for each value of arrival rate λ (µ1 = µ4 = 5.0,
and µ2 = µ3 = 0.5).

that the errorbars in the graphs are invisible. Also, note
that the capacity of the initial and augmented networks is
(µ1 + µ4).

Because of the recursive nature of the equations giv-
ing the expected transit time, the size of memory needed
for the computation increases rapidly in the total number
of jobs. More precisely, from (10), for a given N , the pro-
gram stores in memory the different values of T A

1 corre-
sponding to the different cases of x′, which is a subset of
N

5. We therefore limit the parameter value N to be 100 in
our simulations.

3.2 The Results

An example in which the paradox occurs: Figure 3 il-
lustrates the mean transit times of jobs routed through the
two paths, 0-1-2-5 and 0-3-4-5 in the initial network, and
three paths, 0-1-2-5, 0-3-4-5 and 0-1-4-5 in the augmented
network with dynamic routing for each value of arrival
rate λ where the parameter values are given as follows:
µ1 = µ4 = 5.0, and µ2 = µ3 = 0.5. Note that these
networks are symmetric. For static routing, the worst-case
paradox has been shown to occur in a case where both the
initial and augmented networks are symmetric [8].

We say that “the Braess paradox occurs” if the mean
transit time of the jobs routed through any path in the aug-
mented network is larger than the mean transit time of the
jobs routed through any path in the initial network. In Fig-
ure 3 we observe that the Braess paradox occurs in the

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 5.5

 1  2  3  4  5

m
ea

n 
tra

ns
it 

tim
e

arrival rate

Initial Network
Augmented Network

Figure 4. Overall mean transit time of jobs routed through
all paths in the initial and augmented networks with dy-
namic routing for each value of arrival rate λ (µ1 = µ4 =
2.5, and µ2 = µ3 = 0.5).
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Figure 5. Mean transit time of jobs routed through each
path in the initial and augmented networks with dynamic
routing for each value of arrival rate λ (µ1 = µ4 = 2.5,
and µ2 = µ3 = 0.5).

case where the range of the value of the arrival rate is
6.5 ≤ λ ≤ 10.

Note that if we consider static routing in the initial and
augmented networks described in [5], the mean transit time
of jobs routed through any path may have the same value.
On the other hand, in Figure 3, we observe that the mean
transit time of jobs routed through 0-1-4-5 is different from
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the mean transit times of jobs routed through 0-1-2-5 and
0-3-4-5 in the augmented network. Therefore, the behavior
of individual users in dynamic routing may not be similar
to that of individual users in static routing.

Discussion of a result by Calvert et al. [3]: Figure 4
illustrates the overall mean transit times of jobs in the ini-
tial and augmented networks with dynamic routing for each
value of arrival rate λ where the parameter values are given
as follows: µ1 = µ4 = 2.5, and µ2 = µ3 = 0.5.

Note that the values of λ and µi are the same as the
values in [3], and the simulation method is different from in
[3]. When λ is larger than 2.5, the overall mean transit time
of jobs in the augmented network is larger than the overall
mean transit time of jobs in the initial network. This be-
havior is very similar to the result shown in [3]. Calvert et
al. [3] said, “Braess paradox appears for λ greater than the
crossover value, i.e. about λ = 2.65.” Figure 5 shows that
the mean transit time of jobs routed through each path in
the initial and augmented networks with dynamic routing.
The parameter values are same as those of Figure 4.

In Figure 5, we observe that the mean transit time of
jobs routed through the path 0-1-4-5 in the augmented net-
work is smaller than the mean transit time of jobs routed
through the path 0-3-4-5 in the initial network. We think
that the Braess paradox occurs when by “adding capacity (a
link) to a network degrades the costs for all users.” There-
fore, Figure 4 shows no paradox in our sense.

4 Conclusion

In this paper, we have studied the existence of the Braess
paradox in dynamic routing for the Cohen-Kelly network.
Based on the analytical study by Calvert et al., we have
obtained the dynamic routing decisions in the initial and
augmented networks. We have compared the performance
of the initial and augmented networks by simulation, and
have found a paradoxical phenomenon similar to the one
that Cohen-Kelly showed under static routing. We have
touched on the results of Calvert et al.
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