Perfect simulation of queueing networks with blocking and rejection
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Abstract the steady state distribution is not in a product form and ad-
equate approximation techniques should be applied. Many
Traditional product form property of Markovian gueue- works cover the domain of queuing networks with finite ca-
ing networks usually is vanished when capacity of queuesPacity, bibliographies of [9, 1] provide pointers to related
are finite and clients are blocked or rejected. A new efficient WOrks.
simulation method, derived from Propp & Wilson [11] per- Simulation approaches are alternative methods to esti-
fect simulation, is applied to the finite capacity queues con- mate quality of service of such networks. Based on dis-
text. We present an algorithm to sample directly states of thecrete event simulation [3] or on Markov properties (MCMC
network according to stationary distribution. This method methods) [6], simulations estimate the steady-state distribu-
has been applied to large queueing networks and some ex{ion on long run trajectories.
amples are given : loss estimation on Erlang models, usage In this paper a specific simulation technique, “perfect
of the last queue in a line of queues with blocking, satura- simulation”, is used to sample the steady state distribution.
tion estimation for a multi-stage interconnection switch. Based on Propp & Wilson ideas [11], an algorithm is pro-
posed. By proving the monotonicity of queueing networks
with blocking and rejection, we improve drastically simu-
lation time. This technique have been applied on classical
1. Introduction models to validate statistically the approach and on huge
models to demonstrate the efficiency of the method.

Queuing systems are of fundamental interest for model-
ing communication networks. Servers represent the accesp  Multi-dimensional Markov jump process
to links and queue capacity allows modeling of resource
contention and storage before transmission. Two kinds of  consider a queueing network witlk queues. The
dimensioning are needed for network optimization. Time state space of each quewg; is the set of integers
dimensioning have to fix servers speed and space dimeny; — {0,...  C;}, whereC; is the capacity of queu@;.

sioning define memory capabilities of nodes. In all cases, The state spacé’ of the system is the Cartesian prod-
the estimation of service quality are useful before the net- ¢t of all x;:

work deployment.

Under Markovian assumptions (Poisson arrivals, expo-
nential service time, probabilistic routing etc.), it has been The natural order on integer is extended to a partial order
shown that the network of queues is modelled by a multi- on X’ using component-wise ordering.
dimensional Markov jump process. Then the quality of ser- .
vice is computed from the steady-state distribution of the Definition 1 (Event) _ _
process. Fortunately, when queues have an infinite capacity® €vent is an application defined o#’, that associates
the steady-state distribution is product-form and could eas-10 €ach stater € X a new state denoted by(z, ¢). @ is
ily be computed in a reasonable time [4]. In some cases theC@lled thetransition function of the system.

hypothesis of infinite capacity could be released, Presen-pq, example, a packet arrival, an end of service and routing,

ing the product form [10, 2]. Unfortunately, in most cases, a packet exit, are typical events in networks. The transition

corresponding to an arrival in quegg is an increment of

% This work was partially supported by ACI SurePath project and z; provided thatr; < Cj;. In that case one should precise
DECORE-IMAG project the routing policy (rejection, overflow on another queue,...).

X:Xlx--~><XK.




Denote bye = {ei,--- ,e,} the set of events. This set Proposition 1 (Uniformized monotonous system)

is supposed to be finite. Provided that the system is monotonous, the discrete time

Definition 2 (Monotonous events) Markov chain embedded in the uniformized process is also

An event ¢ £ is said to bamonotonousif it preserves the ~ Monotonous.

partial ordering onX’. That is Consider now a typical routing eveat occurring in a
V(e,y) X z<y = ®(z,e) < Dy, e). queueing network. This event is defined by the origin queue

Q; and a list of destinationg;, , Q;,, - - - , @, with the se-
If all events are monotonous, the global system is said to bemantic :

monotonous. - if Q; is empty do nothing;
Now, to achieve the model construction, a Poisson process If Qi is not empty find the first non empty quegs, in

with intensity )\ is associated to each event These Pois-  the list, decrements the number of packet&)inand incre-
son processes are supposed independent. For example cofents the number of packetsa@y,

sider the following system described in figure 1. - if all queues are full then reject the packet out of the net-
work.
Cl1 0 Proposition 2 (Monotonicity of routing and rejection)
A p A routing event with rejection if all destination queues are
g full is a monotone event.
I-p The proof is done by exploring all possibilities. L@t y) €
( >¢ X2, such thatr < y. Lete be a routing event defined by its
Blocking o origin ; and its list of destination;,, Q;,,- - - , @;,-
v 2 Rejection - if y; = 0 thenz; = 0 and the event does not modify state

xz andy; ®(z,e) =z < D(y,e) = y;

-if y; > 0andz; > 0, then®(y,e)l; =y, —1 > z; — 1 =
Phi(z,e)];. LetQ;, the first non saturated queue in state
Becauser < y the first non saturated queue for statés

Figure 1. Queues with 2 types of contention

There arel events: either strictly before);, in the list and the corresponding
e1 packet external arrival with rate, = . queue is saturated in staj@r ();, is the first non saturated
¢» end of service of the packet on the first queue and rout. dUeuein state andy. In both cases, the order is preserved.

ing outside the network with rate, = ppu. Proposition 3 (Monotonicity of routing and blocking)

es end of service on the first queue and routing to the sec-A routing event with blocking in the original queue if all
ond queue, if the second queue is full the packet is lost. destination queues are full is a monotone event.

The rate associated t@ is \> = (1 — p)u. The proof is similar to the proof of the previous proposition.
e4 end of service on the second queue, if the first queue is  Clearly arrivals from outside or routing directly outside
full the packet is blocked in the second queue and startare also monotone events.

again a service. The rate associateésts v. )
Theorem 2 (Monotonous Markovian networks)

End of service events; , e; andes make a transition ifthe A Mmarkovian network of queues with rejection routing or
corresponding queue is not empty. When the queue is emp%locking is monotonous.

the event is just a skip operation.
This result is clear according to the previous propositions.

Theore_m L (_Un|form|zed pr(_)cess) . ... This result is an extension of a work from D. Mattson [8]
The uniformized process driven by the Poisson process with

rate A = Zle ); and generating at each time of the pro- )

cess an evente € according to the probability distribution 3. Perfect sampling method
(A, %”) is equivalent to the queueing network Markov S
process. Formally, when all the knowledge of the dynamics is in-
cluded in the state description, the system can be described

The proof of this result is obtained by writing down the in- by a transition functiord, typically

finitesimal transition equations. One should notice that the
idea is to introduce the mde_pendence between eve_nts, when X1 = (X, Upgr); (1)

an event could not be applied to one statihe state is not

changed, the method is analogous with the rejection methodvhereX,, isn!" observed state of the system, qid, }, s,

in stochastic simulation. the sequence of inputs of the system, typically a sequence of



calls to aRandomfunction. This type of stochastic recur-

Algorithm 2 Backward-coupling simulation (monotonous

sive sequence has been widely studied in a general frameversion)

work [5] or [7] and some results related with perfect simu-

n=1;R[1]=Random;

lation may be found in [12, 13]. repeat

It is clear that, if the{U,,} are independent and identi- n=2.n;
cally distributed, the processX,, },, ., defined by an ini- forall x € M Umdo
tial value X, and the recursive equations (1) is a Markov y(z) « =
chain. Conversely, given a transition mati# it is possi- end for
ble to find a transition functio® such that a Markov chain for i=n downto n/2+1do
defined by (1) has transition matrix [14]. R[i]=Random;

forall x € M Umdo
y(z) — @(y(z), R[1])
end for
end for
for i=n/2 downto 1do
forall x € M Umdo

y(z) — @(y(z), Ri))

Based on a stochastic recurrent sequence formulation,
the following algorithm provides directly a sample of the
steady state distribution.

Algorithm 1 Backward-coupling simulation (general ver-
sion)
forall z € X do

y(x) < x {choice of the initial value of the vectas end for

n =0} end for
end for until All y(z) are equal
repeat returny(x)

u — Randomi{generation of:_,, }

forall z € X do
y(x) «— y(®(z,u)); {computation of the state at
time 0 of the trajectory issued from at time—n}

losses is done on sample with sid#. Saturation probabil-
ity is estimated t®.27 1072 £ 0.08 103 with a 95% con-
fidence interval.

end for The size of state space of this network9ig601. The
until All y(z) are equal mean number of iterations before coupling is abid\tsim-
returny(x) ple transitions. The computation time of the generation of

one state distributed according steady stafis.

Provided that the operatdris monotonous, as shown in
section 2, the algorithm could be simplified by making it- 4.2. Priority servers
eration only on maximum and minimum values of the state
space. In the open queuing networks situation, there is a The basic model in performance evaluation of network
unigue minimum (all queues are empty) and a unique max-is the Erlang model. It consists in parallel servers, arriv-
imum (all queues are full). Then We only iterates simulta- ing packets are served by the first non empty server. If all
neously 2 trajectories and the time reduction is in the orderservers are busy the packet is rejected. If all servers have
of the size of the state space. Moreover, it has been shown
[11] that the mean coupling time is optimal when steps in
the past are multiplied bg when trajectories issued from
maximum and minimum states have not coupled at time
In the algorithmM (resp.m) denotes the set of maximal
(resp. minimal) elements in the state space.

Arrivals .
Servers

externes
— = Output

Overflow -
on next free server
<

Rejection if all servers

4. Examples

are buzy

All simulations have been done on a 1Ghz Pentium 4

with 512Mo RAM, which is sufficient for our purpose. Figure 2. Erlang queueing system (overflow)

4.1. Two queues
the same service rate, it is well known that the system is re-

Consider the system in figure 1 with capadty, rates versible and the stationary distribution could be analytically
A=12,u=2,v=0.8andp = 0.6 the routing probabil-  computed. This property has been used to test the simula-
ity. The estimation of saturation of queue 2 that generatestion software. By goodness fitting tests, it has been shown



that the simulated sample is acceptedydytests as repre- It is important to notice that the state space is huge?®

sentative of the theoretical distribution. and the presented method remains efficient.
Moreover, W|th_ non homoge_neous servers, the SYS'5  Future works

tem could be simulated easily. An experiment has

been done with30 servers,\ = 20 and x; = 1 for In this article have been established monotonicity prop-
i e {1,---,10}, y; = 0.8 fori € {11,---,20} and erties of Markovian queueing networks with finite capac-
i = 0.5fori € {20,---,30}. Saturation probability is es- ity queues. These properties are fundamental to improve
timated t00.0579 + 4.710~4, loss rate is estimated tb1l stochastic simulation of such networks. It appears that the
packets per second (the system is loaded). simulation time is short enough to estimate probability of

Inthat case, the size of the systerii ~ 109 states, the ~ rare events with a sufficient confidence interval. Moreover,
computation time of the generation of one state distributed perfect simulation of performances indexes could also be
according to steady state is less tiatins and the mean  done by the method developed by [14].

number of iterations i577 per generated state. A free software is under development. Current version is
at http://www-id.imag.fr/Software/PSIBased on an event
4.3. Blocking line description of the queueing network, it offers a simulation

kernel based on "perfect simulation” algorithms.
To observe effect of blocking a line of queues is con- Acknoledgement Author would like to thank Bernard

sidered. Queue capacities have been fixedO@ arrival Tanzi for his very efficient development of PSI2 code.
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